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ABSTRACT

Amethod is described for predicting the unsteady
pressure on a rigid rectangular wing in subsonic 
ow
from its acoustic signal. Presently, convected vorti-
cal gusts interacting with the wing serve as the un-
steady disturbance responsible for the acoustic �eld;
however, the inversion method is also valid for inci-
dent acoustic disturbances and for oscillating wings.
The linearized Euler's equation is used to model the
problem. Subsequently, the acoustic signal and the
unsteady surface pressure are related by an integral
equation. Determining the near-�eld pressure from
the radiated sound is an inherently ill-posed prob-
lem. This is re
ected in the ill-conditioning of the
matrix equation obtained from the integral equation.
Collocations series are used to obtain the matrix
equation and the Singular Value Decomposition is
used to solve the system of equations. To handle
the ill-conditioning, either a spectral cut-o� regular-
ization scheme is embedded in the SVD method or
an a priori cut o� is used to truncate the colloca-
tions series appropriately. Preliminary tests, using
numerically generated input data, show the inver-
sion is feasible for low Mach numbers and low-to-
moderate reduced frequencies. The location of the
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acoustic �eld measurements do a�ect the inversion,
however, an optimal choice for the locations has not
been determined.

INTRODUCTION

This paper considers the feasibility of predict-
ing unsteady pressure on a rigid rectangular wing in
subsonic 
ow. The unsteady pressure can arise from
oscillations of the wing, incident acoustic waves or
incident vortical disturbances. The analysis for these
three situations are similar so that without a loss
of generality, we focus on the incident vortical gust
case.

The inverse aeroacoustic problem for the limiting
case of very large aspect ratio has already been con-
sidered [1, 2]. It was shown that the unsteady surface
pressure on a 
at-plate airfoil in subsonic 
ow can
be predicted from the radiated sound. For the two-
dimensional approximation, the prediction can be
made even when very few input data are available.
Preliminary experiments have veri�ed the analysis
[3].

It is now of interest to consider the e�ect of �-
nite span on the inverse aeroacoustic problem. We
chose to consider a rectangular wing. For this ge-
ometry, the mean and unsteady 
ow quantities un-
couple which simpli�es the mathematical model and
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allows the inversion to be well understood.

In this paper, we formulate the mathematical
model for the rectangular wing in vortical subsonic

ow and discuss brie
y the direct problem. We then
present our inversion method. The inversion method
is an extension of the method we had used for the
two-dimensional problem. We show preliminary re-
sults which indicate that the inversion method will
work well for cases of low Mach number and low-to-
moderate reduced frequencies. Further research is
necessary in order to determine if there is an opti-
mal amount of input data required for the inversion
and whether speci�c far-�eld measurement locations
are preferred. Also the inversion must still be veri-
�ed for cases with higher Mach numbers.

MATHEMATICAL MODEL

The governing equations for inviscid, isentropic,
unsteady, subsonic 
ow past a rectangular wing at
zero incidence are linearized about the mean 
ow
quantities to give the linearized continuity equation
and the linearized Euler's equation

D�0

Dt
+ �1 ~5 � (~u0) = 0 (1)

�1
D~u0

Dt
= �~5p0 (2)

where D=Dt = @=@t + U1@=@x1, the subscript 1
indicates mean 
ow quantities and the 0 indicates un-
steady 
ow quantities. We can apply the splitting
of Atassi and Grzedzinski [4] and consider a single
Fourier component of the unsteady velocity distur-
bance. Hence, far upstream the unsteady velocity is
purely vortical and can be written as

~u0 = ~u(R) = ~aei(!t�
~k�~x) (3)

By transforming from the true coordinate system
to the Prandtl-Glauert coordinate system via

~x1 = x1 (4)

~x2 = �x2 (5)

~x3 = x3 (6)

where �2 = 1 � M2, and M is the Mach number;
nondimensionalizing; applying the transformation

p0 = P (~x1; ~x2; ~x3)e
i(k1t+MK1~x1) (7)

where k1 = !c
2U1

, c=2 is the half-chord length, and

K1 =
Mk1
�2

; and combining the linearized continuity
and the linearized Euler's equation; one obtains a
three-dimensional Helmholtz equation for the trans-
formed pressure

( ~5
2
+K2

1 )P = 0 (8)

(Here ~5
2
= @2=@~x21 + @2=@~x22 + @2=@~x23.)

DIRECT PROBLEM

We are interested in the direct problem since it
can be used to provide data with which to test the in-
verse scheme. The direct method of solution for un-
steady aerodynamic and aeroacoustic problems en-
tails �rst specifying the amplitude and wave number
vectors for the unsteady velocity disturbance in (3)
and then solving the Helmholtz equation for the un-
steady surface pressure on the wing. Once the un-
steady wing pressure is known, the Helmholtz equa-
tion is solved again but this time for the radiated
sound.

In 1974, Chopra reworked Sears' calculation for
the unsteady surface pressure on a 
at-plate airfoil
in order to account for �nite span e�ects [5]. These
results are valid for incompressible 
ow. To the best
of the authors' knowledge, the unsteady surface pres-
sure on a �nite-span wing due to an unsteady dis-
turbance has not been calculated for the case of sub-
sonic 
ow.

Even though the exact solution to the direct prob-
lem does not exist, the inverse aeroacoustic problem
can still be studied. In order to test the inverse
aeroacoustic problem, we need a radiated sound �eld
to serve as the input and a related unsteady surface
pressure distribution to reconstruct. We will show
in the next section, that given a gust wave number,
the Mach number and a surface pressure distribu-
tion, regardless of whether it is the \correct" surface
pressure distribution, the associated radiated sound
can be determined.

In order to test the inversion then, we must ap-
proximate the unsteady pressure distribution on the
wing for a given gust wave number and a given 
ow
Mach number. We assume that the mean 
ow is
in the chordwise direction and that the gust has no
variation in the spanwise direction. In the limit of
large aspect ratio, the two-dimensional analysis can
be used to obtain the unsteady pressure response at
the center span. The analysis shows that there will
be a square-root singularity in the unsteady pres-
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sure at the leading edge and that the jump in the
unsteady pressure at the trailing edge will be zero,
in order to satisfy the Kutta condition.

To approximate the unsteady pressure on a rect-
angular wing, we impose that the center span re-
spond as the two-dimensional approximation would
predict and use lifting line theory in order to esti-
mate the surface pressure on the rest of the wing.
Unsing this approach, we calculated the pressure
jump on a rectangular wing with aspect ratio of 6
for the case M = 0:1; k1 = 3:0. The result is shown
in Figure 1. The top �gure is a contour plot of the
unsteady surface pressure. The bottom �gure is a
three-dimensional view of the same unsteady surface
pressure. The plots do not extend to the leading
edge due to the singular behavior of the unsteady
pressure there.

This method gives the correct qualitative surface
distribution. It is assumed here that this is enough
to test the inversion scheme.

INVERSE METHOD

Given the gust wave number vector, the Mach
number of the 
ow and the unsteady surface pressure
distribution for a rectangular wing, the resulting
acoustic �eld can be obtained by solving equation
(8) using Green's Theorem. Application of Green's
Theorem gives

P (~~x) =
1

2�

Z ~b

�~b

Z 1

�1

4P (~y1; ~y3)
@Gf (~~xj~~y)

@~y2
d~y1d~y3

(9)

where ~b is the nondimensional half-span length, 4P
signi�es P (~y1; 0+; ~y3)�P (~y1; 0�; ~y3), and the three-
dimensional free-spaced Green's function is

Gf (~~xj~~y) =
eiK1j~~x�~~yj

2j~~x� ~~yj
(10)

For the case of a rigid wing, we note that4@P
@n

=
0 everywhere; hence, the second term in Green's
Theorem does not appear. Note also that 4P = 0
everywhere except across the wing. Substituting
(10) into (9) gives

P (~~x) =
1

4�

Z ~b

�~b

Z 1

�1

4P (~y1; ~y3)�

"
�iK1~x2 +

~x2

j~~x� ~~yj

#
eiK1j~~x�~~yj

j~~x� ~~yj2
d~y1d~y3 (11)
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Figure 1: Contour plot and surface plot of approxi-
mated unsteady pressure jump on surface of rectan-
gular wing for M = 0:1; k1 = 3:0.
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If one is interested in the direct problem, 4P
is simply inserted into the integrand and the inte-
gration performed to obtain the far-�eld pressure.
If one is interested in the inverse problem however,
the integral equation must be solved.

The inverse aeroacoustic problem is ill-posed due
to the decaying nature of the radiated sound �eld.
Because of the decay, small changes in the input,
acoustic-�eld data, can create large deviation in the
predicted near-�eld pressure. This ill-posedness man-
ifests itself in the Fredholm equation shown above.
It is known that much care must be used when solv-
ing this integral equation.

Techniques for solving such an equation have al-
ready been discussed in the research concerning the
inverse aeroacoustic problem for the 
at-plate air-
foil [1, 2]. For the single-airfoil, it was shown that a
straight forward quadrature method for solving the
integral equation has drawbacks. First, it leads to a
very large matrix equation. The size of the matrix
will be greatly magni�ed in the three-dimensional
problem. It also requires a large amount of input
data. The number of far-�eld measurements required
to perform the inversion must be the same or larger
than the number of node points used in the dis-
cretization of the airfoil. Again, it is clear that this
need for many input data will be even greater in
the three-dimensional case. Finally, it is di�cult to
capture the leading edge singularity when using the
quadrature method.

The collocation technique for solving the integral
equation however, was found to work very well for
the two-dimensional problem. By choosing the col-
location series carefully, the leading edge singularity
could easily be captured. The size of the matrix
could be as small as 6� 6 which also implies that as
few as 6 measurement locations in the far �eld could
be used.

The collocation series used in the two-dimensional
inversion was

4 P (~y1) = A0 cot
#

2
+
X
n

An sinn# (12)

where ~y1 = � cos#. Substituting this into the two-
dimensional equivalent of Equation (9) and solving
for the coe�cients of the series gave good reconstruc-
tions of the unsteady pressure jump along the 
at-
plate airfoil. Tests were run using both the true form
of the Green's function and the asymptotic form.
Both worked well. However, the asymptotic form
of the kernel gave greater insight into the problem
because of its simpler form.

Using what we learned in the two-dimensional
case, we constructed the three-dimensional inver-
sion scheme as follows. We again use a collocation
technique and the asymptotic form of the Green's
function. When the input comes from the far �eld,
j~~xj >> j~~yj, the kernel of Eq. (11) can be expanded
giving

P (~~x) =
eiK1~r

4�~r2

�
�iK1~x2 +

~x2
~r

�
�

Z ~b

�~b

Z 1

�1

4P (~y1; ~y3)e
iK1[

~y1~x1
~r

+
~y3~x3
~r

]d~y1d~y3 (13)

where ~r = j~~xj.

For the three-dimensional problem, it is valid to
assume that at each airfoil section the unsteady pres-
sure can be represented by the collocation series that
was used in the two-dimensional problem. Embed-
ded in this series is a singularity at the leading edge
and the Kutta condition at the trailing edge. For
the three-dimensional case however, the coe�cients
of the series will be functions of ~y3. The series then
takes the form

4P (#; ~y3) = A0(~y3) cot
#

2
+
X
n

An(~y3) sinn# (14)

Substituting this into Eq. (13) and integrating over
# gives

P (~~x) =
eiK1~r

4�~r2

�
�iK1~x2 +

~x2
~r

�
�

Z ~b

�~b
A0(~y3)�(J0(K1

~x1
~r
)� iJ1(K1

~x1
~r
))

+
X
n

An(~y3)�(�i)
(n�1)n

Jn(K1
~x1
~r )

K1
~x1
~r

d~y3 (15)

Here, J� represents the Bessel function of the �rst
kind of order �.

A further step is needed to transform the integral
equation into a matrix equation. One possibility is
to use collocation again, but this time the functions
Aj(~y3) are represented by a Fourier series such as

Aj(~y3) =
1X

m=�1

Bjme
im�

~b
~y3 (16)

Substituting (16) into (15) and integrating over ~y3,
one obtains
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P (~~x) =
eiK1~r

4�~r2

�
�iK1~x2 +

~x2
~r

�
�

1X
m=�1

2 sin[m� �K1
~x3~b
~r )]

m�
~b
�K1

~x3
~r

�

"
B0m�(J0(K1

~x1
~r
)� iJ1(K1

~x1
~r
)) +

X
n

Bnm

Jn(K1
r cos � sin�

~r )

K1
~x1
~r

#

(17)

Once this equation is solved for the coe�cients Bnm

the unsteady surface pressure is given by

P (#; y3) =
1X

m=�1

B0m cot
#

2
+
X
n

Bnm sinn#ei
m�
b
y3

(18)

ANALYSIS OF THE METHOD

To perform the inversion, the coe�cients in Equa-
tion (17) must be determined. Since, an in�nite
number of coe�cients cannot be found, the series
must be truncated. In general, arbitrarily choosing
the number of terms in the series will lead to an ill-
conditioned system of equations. In order to solve
this system of equations, we use the Singular Value
Decomposition with an embedded spectral cut o�.
The cut o� basically speci�es which of the singular
vectors (or basis vectors of the solution space) will
be used to determine the solution. Any singular vec-
tors that correspond to singular values below the cut
o� are treated as redundant or spurious and ignored.
(The scheme is outlined in detail in [1, 2]. )

It was shown for the two-dimensional inversion,
that the spectral cul o� did not have to be embed-
ded in the SVD scheme. Instead, the singular values
could be used for selecting a priori the number of
terms in the series such that the singular values of
the resulting linear system of equations were never
below the cut o�. Since, in the three-dimensional
inversion, two series exist, it is not as easy to choose
the number of terms a priori. Several iterations
must be made. The iterations consist of changing
the number of terms in the series and then checking
the singular values of the system.

The singular value cut o� has been mentioned
several times thus far. This value itself is a pa-
rameter in the problem. We know from the two-
dimensional problem that cut-o� values on the order
of 10�2 can be used with very reliable input data.

x1

x2

x3

wing

r

θ
ϕ

flow direction

Figure 2: Spherical coordinate system

However, most experimentally obtained input data
will have a greater uncertainty associated with it. In
these cases, the cut-o� value may need to be as large
as 1:0.

Once, the cut o� is set and a scheme is in place for
choosing the number of terms in the series, then the
number and location of the input measurements can
be discussed. From Equation (17), it is clear that
if all of the measurements are made in the plane of
the center span, i.e. ~x3 = 0, there is no method for
recovering any information pertaining to the varia-
tion along the span. When ~x3 = 0, all of the terms
corresponding to m 6= 0 vanish, allowing no means
for recovering the coe�cients corresponding to Bnm,
with m 6= 0.

It is clear then, that measurementsmust be taken
at locations corresponding to various values of ~x3.
But, at this point, no systematic method for choos-
ing the measurement locations has been developed.

Thus far, the inversion has been tested using
input from what will be referred to here as mea-
surement slices. We have simulated a measurement
hemisphere in the far �eld. The spherical coordinate
system is given by

x1 = r cos � sin� (19)

x2 = r sin � sin� (20)

x3 = r cos � (21)

and shown in the �gure below

The measurement locations lie on the hemisphere of
radius, r = 100, and on slices of the hemisphere
which correspond to � = constant. Along these
slices, data is obtained at equal � intervals. For ex-
ample, to reconstruct the unsteady surface pressure
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shown in Figure 1, we use input at 21 evenly spaced �
location between 0 (downstream) and � (upstream)
on 5 � slices, i.e. � = 30�; 60�; 90�; 120�; 150�. This
input was obtained by carrying out the direct inte-
gration using Equation (13).

Several attempts to reconstruct the unsteady sur-
face pressure are shown here. First, numerous terms
in the series are used and a spectral cut-o� of 10�1

is embedded in the SVD method. The reconstruc-
tion is compared to the correct surface pressure in
Figure 3. The solid contour lines show the desired
magnitude of the surface pressure distribution. The
dotted line shows the magnitude of the reconstructed
surface pressure distribution. The agreement is rea-
sonable. However, the input data used was nearly
perfect. It was obtained via a forward numerical
solver and hence contains no experimental errors.
For such input, it is assumed that a perfect recon-
struction should be possible.

Next, the a priori cut-o� method is used. This
method dictated that 2 terms in the chordwise series
be used and that 4 terms in the spanwise series be
used. The reconstruction is shown in Figure 4. The
best reconstruction however, is found when using 8
spanwise terms. Figure 5 shows the reconstruction.
It is clear that a systematic approach for choosing
the cut-o� parameter and the number of terms in
the series must still be developed.

For this case of M = 0:1; k1 = 3:0, changing the
number of input locations from 21 equally spaced
measurements in � to 41 does not improve the re-
construction. Neither does decreasing or increasing
the number of � slices. The lack of dependence on
the far-�eld measurement locations for this case is
most likely due to the fact that the radiated sound
�eld is simply a three-dimensional dipole. As we
consider cases outside of the compact source regime,
the location of the far-�eld measurements will play
a greater role.

CONCLUSIONS

Preliminary results for the inverse aeroacoustic
problem for a rectangular wing interacting with a
gust have been shown. The inversion method is an
extension of the method developed and validated in
the two-dimensional limit of a very large aspect ratio
wing. The inversion is based on solving the integral
equation which results from applying Green's Theo-
rem to the governing Helmholtz equation. A collo-
cation method is used to cast the integral equation
in the form of a matrix equation and the Singular
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Figure 3: Reconstruction of the unsteady surface
pressure. 4 chordwise terms, 20 spanwise terms.
Solid line: exact solution. Dotted line: reconstruc-
tion. M = 0:1; k1 = 3:0.
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Figure 4: Reconstruction of the unsteady surface
pressure. 2 chordwise terms, 4 spanwise terms. Solid
line: exact solution. Dotted line: reconstruction.
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Figure 5: Reconstruction of the unsteady surface
pressure. 2 chordwise terms, 8 spanwise terms. Solid
line: exact solution. Dotted line: reconstruction.
M = 0:1; k1 = 3:0.

Value Decomposition is then used to solve the ma-
trix equation. Several parameters are important in
the inversion scheme. A singular value cut o� must
be set. This in turn can help to choose the number
of terms chosen for the collocation series.

It is shown that if input data are obtained solely
in the plane of the wing center span, the inversion is
nonunique. However, a method of determining the
optimal number of far-�eld measurement locations
has not yet been developed. The preliminary stud-
ies for cases with low Mach numbers and moderate
reduced frequencies show that the inversion scheme
can be used to obtain reasonably accurate recon-
structions of the unsteady surface pressure using the
far-�eld signal.
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